This paper presents a connection between the topological properties of hardcore bosons and that of magnons in quantum spin magnets. We utilize the Haldane-like hardcore bosons on the honeycomb lattice as an example. We show that this system maps to a spin-1/2 quantum XY model with a next-nearest-neighbour Dzyaloshinsky-Moriya interaction. We obtain the magnon excitations of the quantum spin model and compute the edge states, Berry curvature, thermal and spin Nernst conductivities. Due to the mapping from spin variables to bosons, the hardcore bosons possess the same nontrivial topological properties as those in quantum spin system. These results are important in the study of magnetic excitations in quantum magnets and they are also useful for understanding the control of ultracold bosonic quantum gases in honeycomb optical lattices, which is experimentally accessible.
I. INTRODUCTION
In recent years, topologically nontrivial properties of band theory in electronic systems have become the driving force in condensed matter physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Although electronic band theory has been studied over the past decades, the topological properties associated with it have only been appreciated recently. The Haldane model 10 was the first example of quantum anomalous Hall effect (zero magnetic field quantum Hall effect) in electronic systems that originates completely from the topology of the energy bands. For many decades, this model was deemed as a toy model due to lack of experimental evidence. Quite recently, the experimental realization of Haldane model 10 has been reported in ultracold fermionic atoms in a periodically modulated optical honeycomb lattice 11 . This observation has motivated numerous theoretical studies of the effects of interactions in the so-called Haldane-Hubbard model [12] [13] [14] [15] . On the other hand, topologically nontrivial energy bands occur frequently in ordered quantum spin magnets, however, their topological properties are rarely studied in quantum magnetism. The study of topological spin excitations (magnons) recently began with the work of Katsura-Nagaosa-Lee 16 on the kagome and pyrochlore Heisenberg ferromagnets with a nearest-neighbour (NN) Dzyaloshinsky-Moriya (DM) interaction 17, 18 . In addition to breaking the inversion symmetry of the lattice, the DM interaction plays the role of spin-orbit coupling as in electronic systems. As a result, the bosons acquire a phase (magnetic flux) while hopping on the lattice and the system exhibits similar topological properties as in electronic systems. However, in bosonic systems there is no Fermi energy or Fermi level, and the idea of completely filled band does not apply. In this respect, the Chern number characterizing the nontrivial topology of the energy bands is, in fact, independent of the statistical nature of the particles. It merely predicts counterpropagating edge state modes in the vicinity of the bulk gap as a result of the bulk-edge correspondence. This leads to magnon edge state modes in ordered quantum magnets. Interestingly, the magnon edge state modes carry a transverse heat (spin) current upon the application of a longitudinal temperature gradient. As magnons are uncharged particles, there is no Lorentz force, the DM interaction plays the role of a magnetic field by altering the propagation of the magnon in the system, thus leads to thermal Hall effect dubbed magnon Hall effect. It was discovered experimentally by Onose et al., 19 in the ferromagnetic insulator Lu 2 V 2 O 7 with a 3D pyrochlore lattice structure. Recently, thermal Hall effect has been observed experimentally on the 2D kagome magnet Cu(1-3, bdc) 20 . Besides, phonon Hall effect had been observed previously [21] [22] [23] [24] [25] [26] in a completely different scenario.
Mathematically, magnon Hall effect is manifested as a result of the nontrivial topology of magnon bulk band encoded in the Berry curvature Ω(k) = ∇ k × A(k), which acts a magnetic field, where A(k) is a vector potential. This result was derived by Matsumoto and Murakami 27 and relates the transverse thermal conductivity κ xy directly to the Berry curvature of the magnon bulk bands reminiscent of Hall conductivity in electronic systems 28 . It simply shows that the DM interaction can appear in any form provided the system exhibits a nontrivial topology in the magnon bulk bands. It was also shown that due to the boson population of the bands at high and low temperatures, thermal conductivity changes sign as function of temperature or magnetic field on the kagome and pyrochlore lattices 29, 30 . In addition, spin Nernst and torque effects have been recently proposed theoretically in these systems 31 .
The Heisenberg ferromagnet on the honeycomb lattice is known to exhibit Dirac points in the magnon energy bands 32 . In this regard, we have proposed and studied a topological magnon insulator on the honeycomb lattice 33, 34 . We observed many distinctive features on the honeycomb lattice. Firstly, the DM interaction appears as a next-nearest-neighbour (NNN) coupling transversing through the triangular plaquettes of the NNN sites on the honeycomb lattice as opposed arXiv:1603.06495v4 [cond-mat.str-el] 6 Jul 2016 to the kagome and pyrocholre lattices. It generates a spin chirality on the triangular plaquettes of the NNN sites given by χ A = S i · (S j × S k ) on sublattice A and χ B = −χ A on sublattice B, where S i is the spin at site i. In the spin wave bosonic representation, the resulting Hamiltonian 33,34 is analogous to the Haldane model in electronic systems 10 , which is known to possess a nontrivial insulating phase. Secondly, thermal Hall conductivity κ xy does not change sign as a function of temperature or magnetic field and the low temperature dependence follows a T 2 law 34 . Recently, spin Nernst effect has been studied in this system 35 . In this paper, we show that the topological properties of magnons are not different from those of hardcore boson systems. This is due to a one-to-one correspondence between bosonic systems and quantum magnetic systems. We study a Haldane-like hardcore bosons on the honeycomb lattice, which possesses a superfluid phase and a Mott phase. This model has a quantum Monte Carlo sign problem which hinders an explicit numerical simulation using this method. However, it can be studied by other available numerical schemes. We utilize the magnetic spin analogue of this model by mapping it to a quantum XY model with a DM interaction. This enables us to study the magnetic excitations (magnons) of the quantum system. We observe nontrivial topological properties of this model by studying the magnon energy bands, edge states, Berry curvature, thermal and spin Nernst conductivities of the corresponding quantum spin model of the hardcore bosons. The correspondence between hardcore bosons and quantum spin systems suggests that the associated hardcore boson model exhibits the same properties in the boson language, because its excitations have to be magnons as well. These results are important as they can be studied in cold atom experiments. In fact, the phase transitions between superfluid phase and Mott phase have been reported experimentally in ultracold bosonic atom experiments in optical lattices [36] [37] [38] [39] [40] [41] . Hence, it is possible to realize magnon topological properties by using cold atoms trapped in honeycomb optical lattices as has been reported in fermionic systems 11 .
II. HALDANE-HARDCORE BOSONS
As mentioned above, the shortcoming of most topological bosonic models is that quantum Monte Carlo (QMC) simulation is not applicable due to a deliberating sign problem. In this paper, we study one of these models in which QMC suffers a sign problem. For hardcore bosons on the honeycomb lattice without any topological effects, QMC has been utilized effectively in the study of the ground state phase diagrams 42, 43 . In this system there is a U(1) invariance, hence the bosonic excitations (magnons) always exhibit a gapless (Goldstone) mode at the Γ points (k = 0) and the two magnon bands exhibit Dirac points at the corners of the Brillouin zone K(K ) = (±4π/3 √ 3a, 0). Such 2D systems with Dirac nodes have no topological effects in the excitation spectrum. The topological properties of these systems have received no attention mostly for the reason mentioned above. Fortunately, the hardcore boson Hamiltonian has a one-to-one correspondence to a spin-1/2 quantum XXZ or XY model 44 . Hence, the topological effects in this model can be studied in terms of the magnetic excitations of the quantum spin model. As in many electronic systems, topological effects arise when a gap opens at K(K ). There are many different ways to open a gap at K(K ). The simplest way is to add a staggered onsite potential, as has been shown recently 45, 46 . In the magnetic spin language, this corresponds to a staggered magnetic field. An alternative way is to add a Haldanelike imaginary hopping interaction along the NNN sites, this would correspond to a DM interaction in the spin language [33] [34] [35] . The resulting Hamiltonian of a gapped hardcore boson model on the honeycomb lattice can be written as chemical potential, and t is the NNN hopping with imaginary phase. The model in 1 has been recently studied in a different context 13 . In that study, the authors did not investigate the mapping to quantum spin systems, but focused mainly on the Haldane-Hubbard Hamiltonian with a Hubbard on-site interacting potential. However, topological effects should also arise in noninteracting hardcore bosons 1. In contrast to Haldane model in fermionic systems 10, 11 , the hardcore bosons 1 can be mapped to a spin-1/2 quantum spin system 44 . In the spin language, Eq. 1 maps to
where
, and φ = π/2. The new parameters are related to the hardcore boson variables by J → t, µ → h, D → t . Figure 1 shows the direction of the fictitious magnetic flux generated by the DM interaction, which corresponds to the imaginary hopping amplitude with D ij = D for i → j on sublattice A plus cyclic permutations, and D ij = −D on sublattice B for i → j etc. As mentioned above, this alternating DM interaction has the effect on magnons as the chirality operators χ A = S i · (S j × S k ) on sublattice A and χ B = −χ A on sublattice B, where S i is the spin at site i. It is important to note that the spin Hamiltonian 2 is unfrustrated in all the parameter regimes. It simply describes a ferromagnetic insulator. Hence, Eqs. 1 and 2 describe an ordered system and the magnon excitations of the spin system correspond to excitations of the hardcore bosons.
III. HOLSTEIN-PRIMAKOFF FORMALISM
It is well-known that topologically nontrivial properties of magnon excitations such as magnon edge states, thermal Hall effect, and spin Nernst effect, can be understood entirely by semiclassical approximations 16, 19, 27, 29, 30, [33] [34] [35] . Spin wave theory provides the simplest way to study the topological effects in ordered quantum magnetic systems. In this section, we apply this formalism to the present model. The mean field phase diagram provides the possible phases in the system.
In the mean field approximation, the spins can be approximated as classical vectors parameterized by a unit vector: S i = S (sin θ i cos φ i , sin θ i sin φ i , cos θ i ). There are two sublattices on the honeycomb lattice as shown in Fig. 1 . The classical energy with φ i = 0 (coplanar spins) is given by
where N is the number of unit cells, h c = 2JSz is the critical field, and z = 3 is the coordination number of the lattice. At the mean-field level, the DM interaction does not contribute to the classical energy. The filling factor is given by ρ = 1/2 + S(cos θ A + cos θ B )/2. In this model, there are only two possible phases -a canted ferromagnet or superfluid at small magnetic field and a fully polarized ferromagnet or Mott phase, with the spins eqnarrayed along the z-axis at large magnetic field. In both ferromagnets θ A = θ B = θ. The filling factor for the Mott phases are ρ = 0 (empty) and ρ = 1 (full) for S z = ∓S respectively. The phase boundary is obtained by minimizing Eq. 3 yielding cos θ = h/h c .
B. Magnetic excitations
In ordered quantum magnets, it is customary to study magnetic excitations by linear spin-wave theory. In the spin wave expansion, we first rotate the coordinate axes so that the z-axis coincides with the local direction of the classical polarization.
Then, we express the operators in terms of the linearized Holstein Primakoff (HP) transformation,
The bosonic spin wave Hamiltonian becomes
where v 1,2 = JS(cos 2 θ ± 1), v D = 2DS cos θ, v 0 = 6JS sin 2 θ + h cos θ. At zero magnetic field, the spins are aligned along the x-axis and θ = π/2. Hence, the z-component of the DM interaction does not contribute in the linear spin wave expansion, as it is not along the quantization axis. In this case, one should take D = Dx.
As one can discern from Eq. 5, the XY model does not have a simple analogue to Haldane model 10 as the Heisenberg ferromagnets 16, 19, 27, 29, 30, [33] [34] [35] . This is due to additional off-diagonal term with coefficient v 2 . Fourier transforming Eq. 5 we obtain
The momentum space Hamiltonian is given by
where m(k) = v D ρ k andṽ 1,2 = zv 1,2 . We have introduced two Pauli matrices σ and τ , where τ ± = (τ x ± iτ y )/2, while I τ and I σ are identity 2 × 2 matrices in each space. The structure factors are
where δ µ and a µ are the NN and NNN vectors shown in Fig. 1 respectively.
C. Magnon bands and Berry curvatures
The spin wave Hamiltonian in Eq. 7 is Hermitian but it is not diagonal. It is diagonalized by a matrix U(k) via the transformation Ψ † k → U(k)Ψ † k , which satisfies the relation
are the eigenvalues. This transformation leads to a non-Hermitian Bogoliubov Hamiltonian H B (k) = ηH(k), which is given by
The eigenvalues of the non-Hermitian Bogoliubov Hamiltonian give the magnon energy bands. For m(k) = 0, the matrices a(k) and b(k) are constants of motion and can be diagonalized separately. In this case the Hamiltonian corresponds to the conventional XY model (or hardcore bosons) and the energy bands are gapless at K(K ). For m(k) = 0 this symmetry is broken and dynamics are introduced into the system. The positive eigenvalues are given by
where λ = ± labels the top and the bottom bands of the positive energies. Although the DM interaction does not contribute to the classical energy, the magnon excitations depend on it, thus a chiral superfluid is formed in the magnon bands. The two magnon bulk bands in chiral superfluid phase are shown in Fig. 2 . At K(K ), γ k = 0 and m(k) = m = ∓3 √ 3v D , hence a gap of magnitude 2|m| is generated in the magnon bulk bands. As mentioned above, the topological properties of this system are manifested once a gap opens at K(K ) in the magnon bulk bands. From the bulk-edge correspondence, we expect magnon edge states in the vicinity of the bulk gap. Indeed, we observe such edge states as shown in Fig. 2 . Due to the mapping from spin variables to bosonic operators and verse versa, the hardcore boson model 1 also exhibits bosonic edge states. An important consequence of gapped systems is the non-vanishing of the Berry curvature associated with the topology of the energy bands. The Berry curvature associated with the gapped hard-core bosons is given by
where |ψ λ (k) are the positive eigenvectors. It is more feasible to calculate the Berry curvature numerically. Hence, Eq. 14 can be written as
where v i = ∂H B (k)/∂k i defines the velocity operators. Figure 3 shows the Berry curvatures for the top and the bottom bands. It is obvious that the dominant contributions come from the states near K and K . In the lowenergy limit, we expand the Hamiltonian near K(K ).
We obtain
where ξ = ∓ for states at K(K ) andv 1,2 = 3v 1,2 /2. At the fully polarized Mott states, θ = 0 or θ = π, we havē v 1 = 3v 0 /2 andv 2 = 0. Then, the model decouples into two Bogoliubov Hamiltonians. In this case, Eq. 16 is similar to the Haldane model 10 . This is a direct consequence of the hard-core boson Hamiltonian 1.
D. Thermal and Spin Nernst conductivities
In the preceding sections, we have explicitly demonstrated the nontrivial topological properties of the gapped honeycomb hardcore bosons. As mentioned in the Introduction, the magnon edge states carry a heat or spin current upon the application of a temperature gradient. This is, in fact, due to the nontrivial topological properties of the Berry curvature. These edge states lead to two important phenomena -thermal Hall effect 27 and spin Nernst effect. 31 They are characterized by two conductivities given by 27, 31 
where α xy is the spin Nernst conductivity and κ xy is the thermal Hall conductivity;
is the Bose function and the c i functions are c 1 (
, and Li n (x) is a polylogarithm.
The plots of α xy and κ xy as functions of temperature for varying magnetic field are shown in Fig. 4 . The spin Nernst conductivity vanishes at zero temperature as there is no thermal excitations. In stark contrast to the Heisenberg ferromagnet 35 , it increases with increasing magnetic field as the system progresses from chiral superfluid phase to Mott phase and approaches a constant value at high temperature. The thermal Hall conductivity on the other hand is negative and never changes sign. At small magnetic field the system is in the chiral superfluid phase. As the magnetic field increases, κ xy decreases as the system transits to the Mott insulator phase. As mentioned above, the hardcore boson model Eq. 1 should exhibit the same properties due to the mapping from spin variables to bosonic operators.
IV. SPINON FORMALISM
The Schwinger boson mean-field theory 47 provides another semiclassical approach to study the magnon excitations in quantum magnets. This method has been employed to study the magnon bulk bands of SU(2) Heisenberg ferromagnets with DM interactions. 30, 35 In this representation, the spin operators are mapped to bosons using the following transformation
subject to the constraint σ c † iσ c iσ = 2S = 1, where σ =↑, ↓ or ±. The Schwinger boson method is built upon the symmetry of the Hamiltonian. Since the XY model is not SU(2)-invariant, the bond operators are different. They are given by
where ↑↓ = − ↓↑ = 1. The first two bond operators represent ferromagnetic and antiferromagnetic correlations and the last two represent easy axis and XY ferromagnetic correlations respectively. However, these bond operators are not independent. They are related by the identities:
:
where :: represents normal ordering, i.e., the creation operators placed to the left of the annihilation operators. The Schwinger boson Hamiltonian of Eq. 2 is given by
We restrict the operators to obey only the boson commu-
The phase diagram of this model for fermionic systems have been discussed in Ref. 12, 14, 15 . For bosons, it has not been studied extensively in the topological context. Considering only the flux enclosed by the unit cell in the big triangular plaquettes of the NNN sites, in the strong coupling limit U/t 1; U/t 1, the spinful Haldane-Hubbard model maps to
The coupling constants are given by J =
U 2 , and we have set φ = π/2. The last term sums over the triangular plaquettes on the NNN sites. It corresponds exactly to the DM interaction as discussed above. In this model, the interactions are ferromagnetic. Quite remarkably, Eq. 32 is exactly the model studied in Ref. [33] [34] [35] These results show a strong relationship between bosonic systems and quantum spin systems.
VI. CONCLUSION
The main result of this paper is that the topological properties of hardcore bosons and that of magnons in quantum magnets are not independent. This is because topological effects manifest in the excitations of the corresponding system and the hardcore bosons correspond to quantum magnetic systems. In the spin language, we have shown that the Haldane-hardcore bosons exhibit interesting nontrivial topological properties. This suggests that the bosonic excitations of hardcore bosons (which have to be magnons) possess the same topological properties. Although QMC is not applicable in the present model, other numerical schemes should provide further insights into these topological effects. We believe that these nontrivial topological effects should also manifest in frustrated systems by including a next-nearest-neighbour antiferromagnetic interaction. We also showed that in the strong coupling limit of the spinful Haldane-Hubbard model on the honeycomb lattice, the system maps to Heisenberg ferromagnet whose topological magnon excitations have been studied recently.
Though the noninteracting hardcore boson model captures topologically nontrivial properties, in most cases of physical interest interactions are not negligible. The simplest interaction is the repulsive NN interaction given by
where V > 0. On the honeycomb lattice, such interaction does not introduce any frustration in the system. It is easy to show that in the spin variables, H int = J z ij S z i S z j does not contribute to the gap opening at K(K ), hence its effects are negligible in the topological considerations. Furthermore, we claim that these topological properties should also be observed in frustrated systems 50 . For the XY model on the honeycomb lattice, frustration is induced by an antiferromagnetic NNN coupling 51 . The system also possesses ordered states in the phase diagram, and the excitations of these ordered states should exhibit similar topological properties when a nontrivial gap is introduced. However, the explicit analysis of this frustrated model is beyond the purview of this paper. The correspondence between magnetic spins systems and hardcore bosonic systems suggests experimental procedures in cold atoms on the honeycomb optical lattices to search for these interesting topological properties in bosonic and magnetic systems.
